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Free Vibration Analysis of Rotating Cantilever Plates
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Linearized equations of motion for the free vibration analysis of rotating cantilever plates are derived. Two in-
plane stretch variables are introduced and approximated to obtain the ordinary differential equations of motion.
The use of the two in-plane stretch variables enables one to obtain the equations of motion, which include proper
motion-induced stiffness variation terms. The equations of motion are transformed into dimensionless forms
in which dimensionless parameters are identi� ed. The effects of the dimensionless parameters on the modal
characteristics of rotating cantilever plates are investigated through numerical study. The eigenvalue loci veering
and crossing along with the associated mode shape variations are also presented and discussed.

Nomenclature
A = reference frame of plate
a = length of plate
aP = acceleration of the generic point P
Oa1, Oa2, Oa3 = unit vector triad � xed to reference frame A
b = width of plate
D = bending rigidity of plate
E = Young’s modulus
E1 = in-plane stretching rigidity of plate
E2 = in-plane shear rigidity of plate
Fi = generalized active force
F¤

i = generalized inertia force
G = shear modulus
h = thickness of plate
K = stiffness matrix
M = mass matrix
q j = generalized coordinate
R = hub radius of rotation
s; r = in-plane stretch variables
T = reference time
U = total strain energy of rectangular plate
Ub = bending strain energy of rectangular plate
Ui = in-plane strain energy of rectangular plate
u = displacementvector
u1, u2, u3 = measuring numbers of displacement

vector in Oa1 , Oa2 , and Oa3 directions
vP = velocity of the generic point P
x; y = measuring numbers of the position vector

(from reference point to generic point)
before deformation

Z = constant vector characterizingde� ection shape
for synchronousmotion

z = column matrix whose elements are z j

z j = dimensionless generalized coordinate
° = dimensionless angular speed
± = aspect ratio of plate (width to length)
³ = dimensionless form of y
µ = setting angle
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¹ = sum of ¹1, ¹2 , and ¹3

¹1, ¹2, ¹3 = numbers of generalized coordinates
for s, r , and u3

º = Poisson’s ratio
½ = mass per unit area of plate
¾ = ratio of hub radius to plate length
¿ = dimensionless time
Á1i , Á2i , Á3i = spatial mode functions for s, r , and u3

Â = dimensionless form of x
Ãi = mode function of Â and ³
Ä = constant angular speed of the hub
! = dimensionless natural frequency

Subscript and Superscripts

; x = partial derivative of a symbol with respect to x

P = differentiationof a symbol with respect to time

R = double differentiationof a symbol with respect
to time

I. Introduction

I T is well known that modal characteristicsof rotating structures
vary signi� cantly compared to those of nonrotating structures.

The radial rotating motion of a cantilever beam is a well-known
example, where centrifugal inertia force results in the increase of
system bending stiffness and effectively increases the natural fre-
quencies.The phenomenon,often referred to as the motion-induced
stiffeningeffect, has been investigatedby many researchersbecause
of its practical importance in engineering, for example, for turbine
blades, turbomachineblades, and aircraft blades. For proper design
of the structures, their modal characteristics should be accurately
estimated as well as fully comprehended.

Rotatingbladesareoftenidealizedas rotatingbeamsbecausesuch
idealizationusuallyenablesone to estimate theaccuratemodalchar-
acteristicsof the structures.Study on the vibrationof a rotatingbeam
was pioneered by Southwell and Gough1 in the early 1920s. They
introduced a simple algebraic equation (which is often referred to
as the Southwell equation) to calculate the natural frequencies of a
rotatingbeam based on the Rayleigh energy theorem. This equation
is still being used by many engineers due to its excellent simplic-
ity and reliability. Later, to increase the accuracy of the Southwell
equation, Schilhansl2 derived a partial differential equation of a ro-
tating beam and applied the Ritz method to the equation to obtain
more accurate coef� cients for the Southwell equation. These rather
analyticalmethods (to estimate the modal characteristicsof rotating
blades) were followed by numerical methods as computers could
be exploited. More complex shapes and sophisticatedeffects of ro-
tating blades could be considered with the numerical methods. A
large number of papers that employ numerical methods for modal
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analysis of rotating blades have been published. Survey papers, for
instance, Refs. 3 and 4 are also available.

As the aspect ratio of a blade decreases, the blade behaves like a
plate rather than a beam.Therefore,for a bladewith low aspect ratio,
it is not proper to employ a beam theory to predict its modal charac-
teristics. Obviously, a plate theory needs to be employed to predict
the modal characteristicsof a blade with low aspect ratio.There are,
however, only a few available papers on the modal characteristics
of a rotatingplate (accordingto a literaturesurvey conductedby the
presentauthors).Dokainishand Rawtani5 used a � niteelement tech-
nique to determine the modal characteristics of rotating cantilever
plates. A similar approach was taken by Ramamurti and Kielb6 to
determine the modal characteristicsof a twisted rotatingplate.They
used a strain energy expressionfor a plate that employs steady-state
in-planestress components.The steady-statein-plane stress compo-
nents were obtained either analytically from the partial differential
equations of stretchingmotion or numerically from the equilibrium
condition between the centrifugal inertia force and the steady-state
in-plane stress. Then, the equations of motion were derived by us-
ing the strain energy expression in which the steady-state in-plane
stress components previously obtained were employed. Because of
the prohibitivecomplexities involved in this conventionalmodeling
method, the procedure of deriving equations of motion was rarely
described in detail in the literature.

Different from the conventional modeling method, which em-
ploysonly Cartesiandeformationvariables,a new modelingmethod
for beams undergoingoverall motionwas introducedby Kane et al.7

and later extended by Yoo et al.8 This modeling method employs a
non-Cartesiandeformationvariable that represents the stretch of the
beam along its neutral axis to derive equations of motion directly.
The use of the non-Cartesianvariable led to the accurate capture of
the stiffening effect. This modeling method was later successfully
utilizedto obtain the modal characteristicsof rotatingbeams by Yoo
and Shin.9 Similarly, a linear dynamic modeling method for plates
undergoing overall motion was introduced by Yoo,10 and its accu-
racy was veri� ed by Yoo and Chung.11 A similar modeling method
was alsodevelopedfor anothertwo-dimensionalelasticbody,a disk,
by Flowers.12 The key ingredient of the modeling method intro-
duced in Refs. 10 and 11 is the use of two in-plane stretch variables
by which the exact in-plane strain energy can be expressed in a
quadratic form. The use of the two stretch variables enables one to
derive linearized equations of motion that include proper motion-
induced stiffness variation terms. In these works, however, mostly
transient characteristicsof rotating plates were investigated.

The purpose of the present paper is to investigate the modal char-
acteristics of rotating cantilever plates that are attached to a rigid
hub with a setting angle. The dynamicmodelingmethod, which was
introduced in Refs. 10 and 11 for plates undergoingoverall motion,
is employed to derive the modal equations of the rotating cantilever
plate. The modal equationsare then transformedinto dimensionless
forms, in which dimensionlessparametersare identi� ed.The effects
of the dimensionlessparameters on the modal characteristicsof ro-
tating cantilever plates are investigated through numerical study.

II. Equations of Motion
Figure 1 shows a cantilever plate that is attached to a rigid hub

(with radius R) with a setting angle µ . The plate is characterizedby
natural length a; width b; thickness h; and material properties E ,
Young’s modulus; G , shear modulus; ½, mass per unit area; and º,
Poisson’s ratio. The transverse shear and the rotary inertia effects
are not considered. Those effects were previously investigated for
nonrotating plates by many researchers. If considered here, the ef-
fectswill complicatethe formulation,only to produceresultsthat are
essentially the same as those found by previous researchers.There-
fore, in the present work, the Kirchhoff hypothesis is employed to
simplify the formulation. Based on the Kirchhoff hypothesis, any
straight line segments perpendicular to the midplane of the plate
remain perpendicularto the midplaneduring the deformation.A co-
ordinate system (which consists of three mutually orthogonal unit
vectors Oa1 , Oa2 , and Oa3) is � xed to the straight line segment that is
located in the middle of the � xed boundary. Here, Oa1 is parallel to
the length of the plate, Oa2 is parallel to the width of the plate, and

Fig. 1 Con� guration of a cantilever plate attached to a rigid hub at a
setting angle µ.

Fig. 2 Deformation of the midplane of a plate.

Oa3 is parallel to the straight line segment. The reference frame (the
rigid hub) A is assumed to rotate with a constant angular speed Ä.
If Oa3 is the direction of rotation, the setting angle is zero. A more
general con� guration of a plate having nonzero setting angle can
be obtained by rotating the plate around Oa1. More general con� gu-
rations involved with taper angle, stagger angle, and negative hub
radius are not investigated in the present work.

The angular velocity of the reference frame and the velocity of a
point O (which is the reference point of the coordinate system) can
be expressed as follows:

! A D Ä.sin µ Oa2 C cos µ Oa3/ (1)

vO D RÄ.cos µ Oa2 ¡ sin µ Oa3/ (2)

Figure 2 shows the deformationof the midplane of a plate, where
x and y are the distances measured from the reference point O
to a generic point P0 (which lies on the midplane of undeformed
plate) along directions of Oa1 and Oa2, respectively. When the plate
is deformed, point P0 moves to a new point P . The displacement
vector from P0 to P is u and is expressed as follows:

u D u1 Oa1 C u2 Oa2 C u3 Oa3 (3)

Conventionally, the three Cartesian variables u1, u2 , and u3 are ap-
proximated to obtain the ordinary differential equations of motion.
In the present work, two in-plane stretch variables (s and r shown
in Fig. 2) along with the lateral displacement u3 are approximated.



2190 YOO AND KIM

Thus, by the use of the Rayleigh–Ritz method, theycanbe expressed
as follows:

s.x; y; t/ D
¹X

j D 1

Á1 j .x; y/q j .t/ (4)

r.x; y; t/ D
¹X

j D 1

Á2 j .x; y/q j .t/ (5)

u3.x; y; t/ D
¹X

j D 1

Á3 j .x; y/q j .t/ (6)

Any compact set of admissible functionsthat satis� es the geometric
boundaryconditionsof theplatecanbeusedas themode functions.13

Here ¹ is the total number of the generalized coordinates. For the
convenienceof formalism, s, r , and u3 use the same numberof coor-
dinates ¹. However, they are not actually coupled.For instance,Á1 j

is not zero only if j · ¹1; Á2 j is not zero only if ¹1 < j · ¹1 C ¹2;
and Á3 j is not zero only if ¹1 C ¹2 < j · ¹1 C ¹2 C ¹3. In other
words, ¹1, ¹2, and ¹3 denote the actual numbers of generalized
coordinates for s, r , and u3, respectively, and ¹ is the total sum of
¹1, ¹2, and ¹3.

When the two stretch variables s and r are used, the following
expression of in-plane strain energy of a rectangular plate can be
obtained:

Ui D 1

2

Z b=2

¡b=2

Z a

0

(
E1

"³
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@x

´2
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³
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@y

´2

C 2º
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´³
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@y
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)

dx dy (7)

where

E1 D Eh=.1 ¡ º2/ (8)

E2 D Gh (9)

If the Cartesian variablesu1 and u2 instead of s and r are substituted
into Eq. (7), the conventional approximate form of in-plane strain
energy of a plate can be obtained. When the bending strain energy
and the in-plane strain energy are added, the total strain energy can
be obtained as follows:

U D Ui C Ub (10)

where Ub represents the bending strain energy, which is given by

Ub D
1

2

Z b=2

¡b=2

Z a

0
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where

D D Eh3=12.1 ¡ º2/ (12)

The present work employs Kane’s method (see Kane and
Levinson14) in which the generalized active forces and generalized
inertia forces need to be obtained to derive the equations of motion.
Because external active forces need not be considered for the free
vibration analysis, the generalized active forces can be obtained as
follows:

Fi D ¡ @U

@qi
.i D 1; 2; : : : ; ¹/ (13)

Because the total strain energy U has a quadratic form, the general-
ized active forces are linear. Now the generalized inertia forces can
be obtained by using the following equation:

F¤
i D ¡

Z b=2

¡b=2

Z a

0

½

³
@vP

@ Pqi

´
¢ aP dx dy .i D 1; 2; : : : ; ¹/

(14)

where Pqi are the time derivatives of the generalized coordinates.
When the angular velocityof the reference frame A and the velocity

of the point O are used, the velocity of the generic point P can be
obtained as follows:

vP D [ Pu1 C Ä sin µu3 ¡ Ä cos µ.y C u2/]Oa1

C [RÄ cos µ C Pu2 C Ä cos µ.x C u1/]Oa2

C [¡RÄ sin µ C Pu3 ¡ Ä sin µ.x C u1/]Oa3 (15)

Because u1 , u2 , and their derivatives with respect to time shown in
Eq. (15) are not to be approximated, they need to be replaced by
s, r , u3 , and their derivatives. For the replacement, the following
geometric relations15 can be used:

x C s D
Z x
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In the presentwork, the equationsof motion will be linearizedeven-
tually. Only up to second-degree terms need to be retained in the
geometric relations because the � nal form of equations of motion
is not affected by the truncated higher degree terms. Therefore, the
following approximated relations, which are obtained by using the
binomial expansion of Eqs. (16) and (17), can be used:

s D u1 C 1
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d» (18)
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2
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Differentiationsof Eqs. (18) and (19) with respect to time yield

Ps D Pu1 C
Z x

0

µ³
@ Pu3

@»

´³
@u3

@»

´¶
d» (20)

Pr D Pu2 C
Z y

0

µ³
@ Pu3

@´

´³
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´¶
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When Eqs. (20) and (21) are used along with Eqs. (15) and (4–6),
the partial derivative of vP with respect to Pqi can be obtained as
follows:

@vP

@ Pqi
D

"

Á1i ¡
¹X

j D 1

Z x

0

Á3i;» Á3 j;» d»q j

#
Oa1

C

"
Á2i ¡

¹X

j D 1

Z y

0

Á3i;´Á3 j;´ d´q j

#
Oa2 C Á3i Oa3 (22)

These partial velocities and the acceleration of point P , which can
be obtainedsimply by differentiatingthe velocity shown in Eq. (15)
with respect to time, are substituted into Eq. (14) to obtain the gen-
eralized inertia forces. When the generalized inertia forces are lin-
earized and the generalized active forces [obtained in Eq. (13)] are
summed, the following linearized equations of motion can be ob-
tained:

¹X

j D 1

£
M11

i j Rq j ¡ 2Ä cos µ M12
i j Pq j C 2Ä sin µ M 13

i j Pq j C
¡
K S1

i j C K S2
i j

¢
q j

¡ Ä2 M 11
i j q j

¤
D Ä2 X1i C RÄ2 Z1i (23)

¹X

j D 1

£
M22

i j Rq j C 2Ä cos µ M21
i j Pq j C

¡
K S3

i j C K S4
i j

¢
q j

C Ä2 cos µ sin µ M23
i j q j ¡ Ä2 cos2 µ M 22

i j q j

¤
D Ä2 cos2 µY2i

(24)
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¹X

j D 1

£
M33

i j Rq j ¡ 2Ä sin µ M31
i j Pq j C K B

i j q j C Ä2 K G X2
i j q j

C Ä2 cos2 µ K GY 2
i j q j C RÄ2 K G X1

i j q j C Ä2 cos µ sin µ M32
i j q j

¡ Ä2 sin2 µ M 33
i j q j

¤
D ¡Ä2 cos µ sin µY3i (25)

where

M lm
i j D

Z b=2

¡b=2

Z a

0

½Áli Ám j dx dy (26)

K S1
i j D

Z b=2

¡b=2

Z a

0

.E1Á1i;x Á1 j;x C E2Á1i;yÁ1 j;y / dx dy (27)

K S2
i j D

Z b=2

¡b=2

Z a

0

.E1ºÁ1i;x Á2 j;y C E2Á1i;yÁ2 j;x / dx dy (28)

K S3
i j D

Z b=2

¡b=2

Z a

0

.E1Á2i;y Á2 j;y C E2Á2i;x Á2 j;x / dx dy (29)

K S4
i j D

Z b=2

¡b=2

Z a

0

.E1ºÁ2i;y Á1 j;x C E2Á2i;x Á1 j;y/ dx dy (30)

K B
i j D

Z b=2

¡b=2

Z a

0

D[Á3i;x x Á3 j;x x C Á3i;yy Á3 j;yy C ºÁ3i;x x Á3 j;yy

C ºÁ3i;yyÁ3 j;x x C 2.1 ¡ º/Á3i;x yÁ3 j;x y ] dx dy (31)

K G X2
i j D

Z b=2

¡b=2

Z a

0

1

2
½.a2 ¡ x2/Á3i;x Á3 j;x dx dy (32)

K G X1
i j D

Z b=2

¡b=2

Z a

0

½.a ¡ x/Á3i;x Á3 j;x dx dy (33)

K GY 2
i j D

Z b=2

¡b=2

Z a

0

1

2
½

³
b2

4
¡ y2

´
Á3i;yÁ3 j;y dx dy (34)

Xmi D
Z b=2

¡b=2

Z a

0

½.R C x/Ámi dx dy (35)

Ymi D
Z b=2

¡b=2

Z a

0

½yÁmi dx dy (36)

Zmi D
Z b=2

¡b=2

Z a

0

½Ámi dx dy (37)

It is useful to rewrite Eqs. (23–25) in a dimensionless form. The
following dimensionless variables are introduced to obtain the di-
mensionless form of equations of motion:

¿ D t=T (38)

Â D x=a (39)

³ D y=b (40)

z j D q j =a (41)

where T is de� ned as

T D .½ha4=D/
1
2 (42)

The nonhomogeneous terms that appear in the right-hand side of
Eqs. (23–25)are notnecessaryfor the free vibrationanalysis.There-

fore, the following dimensionless homogeneous equations will be
used:

¹X

j D 1

£ NM11
i j Rz j ¡ 2° cos µ NM12

i j Pz j C 2° sin µ NM13
i j Pz j

C
¡

NK S1
i j C NK S2

i j

¢
z j ¡ ° 2 NM11

i j z j

¤
D 0 (43)

¹X

j D 1

£ NM22
i j Rz j C 2° cos µ NM21

i j Pz j C
¡ NK S3

i j C NK S4
i j

¢
z j

¡ ° 2 cos2 µ NM22
i j z j C ° 2 cos µ sin µ NM23

i j z j

¤
D 0 (44)

¹X

j D 1

£ NM33
i j Rz j ¡ 2° sin µ NM 31

i j Pz j C NK B
i j z j C ° 2 NK G X2

i j z j

C ° 2 cos2 µ NK GY 2
i j z j C ¾ ° 2 NK G X1

i j z j C ° 2 cos µ sin µ NM32
i j z j

¡ ° 2 sin2 µ NM33
i j z j

¤
D 0 (45)

where a dot over a symbol now means differentiation with respect
to ¿ and

NM®¯

i j D
Z 1

2

¡1
2

Z 1

0

Ã®i Ã¯ j dÂ d³ (46)

NK S1
i j D

Z 1
2

¡1
2

Z 1

0

³
E1T 2

½a2
Ã1i;Â Ã1 j;Â C

E2T 2

½b2
Ã1i;³ Ã1 j;³

´
dÂ d³ (47)

NK S2
i j D

Z 1
2

¡1
2

Z 1

0

³
E1T 2

½ab
ºÃ1i;Â Ã2 j;³ C

E2T 2

½ab
Ã1i;³ Ã2 j;Â

´
dÂ d³

(48)

NK S3
i j D

Z 1
2

¡1
2

Z 1

0

³
E1T 2

½b2
Ã2i;³ Ã2 j;³ C

E2T 2

½a2
Ã2i;Â Ã2 j;Â

´
dÂ d³ (49)

NK S4
i j D

Z 1
2

¡1
2

Z 1

0

³
E1T 2

½ab
ºÃ2i;³ Ã1 j;Â C

E2T 2

½ab
Ã2i;Â Ã1 j;³

´
dÂ d³

(50)

NK B
i j D

Z 1
2

¡1
2

Z 1

0

£
Ã3i;ÂÂ Ã3 j;ÂÂ C ±4Ã3i;³ ³ Ã3 j;³ ³ C º±2Ã3i;Â Â Á3 j;³ ³

C º±2Ã3i;³ ³ Ã3 j;ÂÂ C 2.1 ¡ º/±2Ã3i;Â³ Ã3 j;Â³

¤
dÂ d³ (51)

NK G X2
i j D

Z 1
2

¡1
2

Z 1

0

1

2
.1 ¡ Â 2/Ã3i;Â Ã3 j;Â dÂ d³ (52)

NK GY 2
i j D

Z 1
2

¡1
2

Z 1

0

1

2

³
1

4
¡ ³ 2

´
Ã3i;³ Ã3 j;³ dÂ d³ (53)

NK G X1
i j D

Z 1
2

¡1
2

Z 1

0

.1 ¡ Â/Ã3i;Â Ã3 j;Â dÂ d³ (54)

The function Ãi j (shown in the preceding equations), which is the
functionof dimensionlessvariablesÂ and ³ , has the same numerical
value as the function Ái j , which is the function of x and y.

There are three parameters involved in Eqs. (43–45): ±, the ratio
of the plate width to its length (the aspect ratio); ¾ , the ratio of
the hub radius to the plate length; and ° , the dimensionlessangular
speed. These parameters are given as follows:

± D a=b (55)

¾ D R=a (56)

° D ÄT (57)
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Table 1 Convergence of dimensionless natural frequencies vs number of modesa

Total number of modes (number of First Second Third Fourth Fifth
X modes £ number of Y modes) frequency frequency frequency frequency frequency

15 (3£5) 10.037 32.997 69.712 73.243 207.564
24 (4£6) 10.019 32.905 68.360 73.143 132.004
35 (5£7) 10.010 32.864 68.141 72.933 131.633
42 (6£7) 10.005 32.844 67.760 72.923 131.523
49 (7£7) 10.001 32.835 67.657 72.888 131.518
63 (7£9) 10.001 32.832 67.657 72.880 131.509

aValues of ± D 10, ¾ D 0, ° D 10, and µ D 30 deg.

Using Eqs. (43–45), a matrix form of the equations of motion is
obtained as follows:

M Rz C C Pz C Kz D 0 (58)

where

M D

2

64
NM11 0 0

0 NM22 0

0 0 NM33

3

75 (59)

C D

2

64
0 ¡2° cos µ NM12 2° sin µ NM 13

2° cosµ NM21 0 0

¡2° sin µ NM 31 0 0

3

75 (60)

K D

2
64

K 11 K 12 K 13

K 21 K 22 K 23

K 31 K 32 K 33

3
75 (61)

where thecomponentsof theelementmatricesin Eq. (61)arede� ned
as follows:

K 11
i j D NK S1

i j ¡ ° 2 NM11
i j ; K 12

i j D K 21
ji D NK S2

i j D NK S4
ji

K 13
i j D K 31

ji D 0; K 22
i j D NK S3

i j ¡ ° 2 cos2 µ NM 22
i j

K 23
i j D K 32

ji D ° 2 cos µ sinµ NM23
i j

K 33
i j D NK B

i j C ° 2 NK G X2
i j C ° 2 cos2 µ NK GY 2

i j

C ° 2¾ NK G X1
i j ¡ ° 2 sin2 µ NM 33

i j (62)

Note that the equationsare coupledthroughthe gyroscopicdamp-
ing matrix in Eq. (60) and the stiffnessmatrix in Eq. (61). To derive
the eigenvalue problem, Eq. (58) is transformed into the following
form:

M¤ Ṕ C K¤´ D 0 (63)

where

M¤ D
µ

M 0

0 I

¶
(64)

K¤ D
µ

C K
¡I 0

¶
(65)

´ D
»

Pz
z

¼
(66)

An eigenvalue problem can be derived by assuming that ´ is a
harmonic matrix function of ¿ expressed as

´ D e¸¿ 2 (67)

where ¸ is the complex eigenvalue and 2 is the complex mode
shape. Substituting Eq. (67) into Eq. (63) yields

¸M¤2 C K¤2 D 0 (68)

The formulationspresented in this section are employed to obtain
the numerical results shown in the next section.

Fig. 3 Lowest � ve natural frequencies vs angular speed for two values
of hub radius ratio with ± = 5 and µ = 30 deg.

III. Numerical Results
To solve the eigenvalue problem formulated in Eq. (68) for the

rotating plate, assumed mode functions are needed. In the present
work, 35 plate mode functions are employed to obtain the ade-
quate convergence of a few of the lowest eigensolutions. The 35
plate mode functions are generated with 5 cantilever beam mode
functions (for spanwise direction) and seven free–free beam mode
functions (for chordwise direction), which include two rigid-body
mode functions.13 The convergence of the solution vs number of
modes is shown in Table 1 for a set of typical dimensionlessparam-
eters (which are also shown). The results show that the use of 35
mode functions leads to the suf� ciently converged solutions of the
lowest 5 natural frequencies.

Figure 3 shows the variations of the lowest � ve dimensionless
natural frequencies of rotating cantilever plates (with aspect ratio
± D 5). The setting angle employed for Fig. 3 is 30 deg. The re-
sults shown by solid lines were obtained with relatively small hub
radius ratio (¾ D 0:5), whereas those shown by dotted lineswere ob-
tained with relatively large hub radius ratio (¾ D 2:0). As expected
intuitively, the natural frequencies increase as the angular speed in-
creases. The larger hub radius ratio results in the stiffer slopes of
the frequency loci. This is caused by the centrifugal inertia force,
which increases as the angular speed and the hub radius increase.

Figure 4 shows the variations of the nodal lines of the lowest
� ve mode shapes of a rectangular plate caused by rotating motion.
The parameters employed to obtain the results are as follows: ± D 5,
¾ D 0:5, and µ D 30 deg. The dimensionlessangular speed used for
Fig. 4a is 0, and that for Fig. 4b is 10. It is shown in Fig. 4a that the
� rst two modes represent the lowest two spanwise bending modes,
that the thirdmode representsthe � rst torsionalmode, that the fourth
mode represents the third spanwise bendingmode, and that the � fth
mode represents the � rst skew-symmetric combination mode (tor-
sion plus spanwise bending). When Fig. 4b is compared to Fig. 4a,
one can see that the second and third modes are switched. This
mode switching results from the eigenvalue loci crossing shown in
Fig. 3. Because the centrifugal inertia force in� uences the spanwise
bending mode more than the torsional mode, the eigenvalue of the
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a) Lowest � ve mode shapes without rotation (° = 0)

b) Lowest � ve mode shapes with rotation (° = 10)

Fig. 4 Nodal line variations of the lowest � ve modes caused by the
rotation; ± = 5, ¾ = 0.5, and µ = 30 deg.

Fig. 5 Lowest � ve natural frequencies vs angular speed for various
values of setting angles with ± = 5 and ¾ = 0.5.

spanwise bending mode increases faster than that of the � rst tor-
sional mode (as the angular speed increases). Thus, the eigenvalue
loci crossing and the associated mode switching occur.

Figure 5 shows the effect of the setting angle on the variations
of the lowest � ve dimensionless natural frequencies of rotating
plates. The parameters employed for the results are ± D 5 and
¾ D 0:5. The results shown by solid lines were obtained with µ D
0 deg, those shown by broken solid lines were obtained with
µ D 30 deg, and those shown by dotted lines were obtained with

Fig. 6 Natural frequencies of a nonrotating plate vs aspect ratio.

a) ± = 1.0

b) ± = 1.2

c) ± = 2.0

Fig. 7 Nodal line variations of fourth, � fth, sixth, and seventh mode
shapes.

µ D 60 deg. It is shown that all of the � ve natural frequencies are
slightly lowered as the setting angle increases.

Figure 6 shows some lowest dimensionlessnatural frequenciesof
nonrotating plate vs aspect ratio. In Fig. 6, 1B, 2B, and 3B denote
the � rst, second, and the third spanwise bending modes, 1T denotes
the � rst torsional mode, CB denotes the chordwise bending mode,
TB denotes the � rst skew-symmetric combination mode (torsion
plus spanwise bending),and BCB denotes the � rst symmetric com-
bination mode (spanwise bending plus chordwise bending). As the
aspect ratio increases, some loci cross each other. The fourth and
the � fth loci even cross twice (around ± D 1:1 and 2:7). However,
some loci veer: the � fth and the sixth around ± D 1:5 and the sixth
and the seventh around ± D 1:1. Eigenvalue loci veering phenom-
ena were previously observed in other engineering examples (see
Refs. 16–18). In these examples, two eigenvalue loci approacheach
otherclosely.Hence, it was oncemistakenlyspeculatedthat the phe-
nomena resulted from numerical approximation. Apart from those
close veering examples, the two loci around the veering regions in
Fig. 6 are substantially separated from each other. Figures 7a–7c
show the variations of mode shapes at ± D 1:0 (fourth, � fth, sixth,
and seventh), ± D 1:2 (fourth, � fth, sixth, and seventh), and ± D 2:0
(fourth and � fth), respectively. Because only the lowest � ve natu-
ral frequencies appear at ± D 2:0 in Fig. 6, the fourth and the � fth
mode shapes are given in Fig. 7c. Figure 7c clearly shows that the
mode shape exchange occurs not only at the crossing region but
also at the veering region. Note that the seventh mode at ± D 1:0,
the sixth mode at ± D 1:2, and the � fth mode at ± D 2:0 all represent
the third bending mode. It can be also observed that a loci crossing
occurs between skew-symmetric and symmetric modes, whereas a
loci veering occurs between two symmetric modes.



2194 YOO AND KIM

Fig. 8 Lowest � ve natural frequencies vs angular speed for the values
of ± = 1.2, ¾ = 0.5, and µ = 30 deg.

a) With ° = 0

b) With ° = 7

Fig. 9 Nodal lines of the lowest � ve modes of a cantilever plate with
± = 1.2 when angular speed ° = 0 and 7.

Figure 8 shows the variations of the lowest � ve dimensionless
natural frequencies of rotating plates (with the aspect ratio ± D 1:2,
the hub radius ratio ¾ D 0:5, and the settingangleµ D 30 deg).There
are two noteworthyphenomenain Fig. 8. The � rst one is the crossing
(around ° D 5) between the fourth and the � fth eigenvalue loci,
and the second one is the veering (around ° D 12) between the
third and the fourth eigenvalue loci. The veering displayed in Fig. 8
occurs gradually. In other words, the two eigenvalueloci are always
substantially separated from each other. The veering phenomena
observed in Fig. 6 result from aspect ratio change, that is, system
con� guration change. However, the veering phenomena observed
in Fig. 8 can occur while the angular speed increases.

Figures 9a and 9b display the nodal lines of the lowest � ve
mode shapes for the cantilever plate for the cases of ° D 0 and 7,

a) With ° = 10

b) With ° = 15

Fig. 10 Nodal lines of the lowest � ve modes of a cantilever plate with
± = 1.2 when the angular speed ° = 7 and 15.

respectively.In Fig. 9a, the nodal lines of the � rst spanwise bending
mode, the � rst torsional mode, the second spanwise bending mode,
the combinationmode (torsionplus spanwise bending),and the � rst
chordwise bending mode are shown. In Fig. 9b, however, one can
observe that the fourth and the � fth mode shapes switch. This mode
shapeswitchingresultsfrom thecrossingthatwas observedin Fig.8.
The crossing can be explained by the mode shape difference. The
combination mode (compared to the chordwise bending mode) is
more in� uenced by the centrifugal inertia force because the cen-
trifugal inertia force, which acts parallel to the spanwise direction,
in� uences the spanwisedeformationmore than thechordwisedefor-
mation. Therefore, the natural frequency of the combination mode
increases faster than that of the chordwise bending mode and the
crossing occurs eventually.

Figures 10a and 10b display the nodal lines of the lowest � ve
mode shapes for the cantilever plate for the cases of ° D 10 and 15,
respectively.From Figs. 10a and 10b, one can observe that the third
and the fourth mode shapes seem to switch. This switching results
from the veeringbetween the third and the fourth loci. To determine
how the mode switching occurs, the variations of the third and the
fourth mode shapes during the increase of angular speed are shown
in Figs. 11a and 11b, respectively.When the angular speed ° is 10,
the third mode shape has a nodal line in the chordwise direction,
whereas the fourth mode has nodal lines in the spanwise direction.
As the angular speed increases (and the two loci approach each
other), all of the nodal lines become more and more bidirectional.
As the angular speed increasesmore and eventually leaves the veer-
ing region, the two mode shapes return to the one-directionalnodal
line patternexcept that they exchangetheir nodal line patterns.Also,
note that the concavitiesof the nodal lines are reversed.Because the
fourth mode has the second spanwise bending mode shape, which
characterizesthe third mode before the veeringoccurs, after leaving
the veering region, the fourth locus increases faster than the third
locus. Last, the nodal lines obtained in Fig. 11 are superposed in
Fig. 12. Observe that two points of the plate are common to all of
the nodal lines of the third and the fourth mode shapes.
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Table 2 Lowest � ve natural frequencies for eight cases
of parameter sets when ° = 0

Aspect Setting First Second Third Fourth Fifth
ratio angle frequency frequency frequency frequency frequency

Hub radius ratio ¾ D 0:5
± D 5 µ D 30 13.259 37.573 38.781 80.930 110.788
± D 5 µ D 60 11.217 36.218 38.131 80.620 110.336
± D 10 µ D 30 13.257 38.759 68.783 80.741 140.886
± D 10 µ D 60 11.214 38.108 68.052 80.430 140.708

Hub radius ratio ¾ D 2:0
± D 5 µ D 30 20.019 40.801 52.390 100.161 117.855
± D 5 µ D 60 18.729 39.556 51.911 99.911 117.430
± D 10 µ D 30 20.018 52.374 70.663 100.006 165.227
± D 10 µ D 60 18.728 51.895 69.951 99.755 165.075

a) Third mode shape

b) Fourth mode shape

Fig. 11 Variations of the nodal lines of the third and the fourth mode
shapes.

Fig. 12 Superposition of the nodal lines of third and fourth mode
shapes and the existence of two common � xed nodal points.

The third mode (which is the second spanwise bending mode)
and the fourth mode (which is the � rst chordwise bending mode) in
Fig. 10 are all symmetric with respect to the horizontal line located
at themiddle of the plate.During the veering,the third and the fourth
modes exchange their mode shapes through the continuous trans-
formationof the mode shapes as shown in Fig. 11. Such mode shape
exchange and transformation are possible because those modes are
all symmetric. However, as shown in Fig. 9, the fourth mode (which

Table 3 Lowest � ve natural frequencies for eight cases
of parameter sets when ° = 20

Aspect Setting First Second Third Fourth Fifth
ratio angle frequency frequency frequency frequency frequency

Hub radius ratio ¾ D 0:5
± D 5 µ D 30 25.444 46.271 67.573 122.225 127.405
± D 5 µ D 60 21.152 41.725 66.077 121.403 125.826
± D 10 µ D 30 25.444 67.562 74.005 122.100 194.308
± D 10 µ D 60 21.151 66.066 71.251 121.278 193.793

Hub radius ratio ¾ D 2:0
± D 5 µ D 30 39.262 55.793 96.961 148.945 167.089
± D 5 µ D 60 36.627 52.085 95.924 147.597 166.488
± D 10 µ D 30 39.262 80.634 96.952 166.988 230.108
± D 10 µ D 60 36.627 78.114 95.915 166.388 229.237

is the combinationmode) is skewsymmetric,whereas the � fth mode
(which is the chordwisebending mode) is symmetric.A veeringbe-
tween these two modes is impossible because a skew-symmetric
mode cannot be transformed into a symmetric mode. Thus, switch-
ing from a symmetric to a skew-symmetric mode can only occur
discontinuously,requiring a crossing of the loci.

Tables 2 and 3 provide the lowest � ve natural frequencies at two
speci� c angular speeds for eight cases of parameter sets. Tables 2
and 3 are provided for use as benchmarks in future study.

IV. Conclusions
A modal formulationfor the free vibrationof a rotatingcantilever

plate with setting angle is presented. Three dimensionless parame-
ters are identi� ed througha dimensionalanalysis: the aspect ratio of
the plate, the ratio of hub radius to plate length, and the dimension-
less angular speed. The effects of the dimensionless parameters, as
well as the setting angle on the natural frequencies of rotating can-
tileverplates, are investigated.A modal methodemployingassumed
modes is employed to obtain numerical results. It is shown that the
rotating plate’s natural frequencies increasewith the angular speed,
that their increasing rates grow as the hub radius increases, and that
the natural frequency loci are lowered by increasing the setting an-
gle. It is also found that some natural frequencies increase faster
than others as the aspect ratio or the angular speed increases. This
results in the phenomena of eigenvalue loci crossing and veering.
When two loci cross, the corresponding two mode shapes are sim-
ply switched and remain nearly unchanged. When two loci veer,
however, mode shape variations occur continuously in the veering
region. It is also observed that � xed common nodal points exist for
the two continuouslychanging mode shapes.
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